If D is a dominating set and the induced subgraph G(D) is connected, then D is a connected dominating set. The minimum size of a connected dominating set in G is called connected domination number
All graphs will be finite and undirected, without loops or multiple edges. Let G = (V, E) be a graph. 
for any connected graph G. P roof. Necessity is clear, since both P 5 and C 5 are connected, γ(P 5 ) = γ(C 5 ) = 2 and γ c (P 5 ) = γ c (C 5 ) = 3. Sufficiency. Suppose that the statement is not true and let G be a minimal counterexample, i.e., G is a connected graph without induced P 5 and
We
choose a minimum dominating set D of G such that H = G(D) has the minimal number of connected components among all minimum dominating sets of G. Since γ(G) < γ c (G), H is a disconnected subgraph. Let us fix two connected components K and L of H.
By connectivity of G, there is a shortest path P = (u 1 , u 2 , . . . , u t ) such that u 1 ∈ K and u t ∈ L. Claim 1. t = 3. 
